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Experimental study of a subsystem in an entangled two-photon state

Dmitry V. Strekalov,* Yoon-Ho Kim, and Yanhua Shih
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~Received 12 April 1999!

The state of a signal-idler photon pair of spontaneous parametric down-conversion is a typical nonlocal
entangled pure state with zero entropy. The precise correlation of the subsystems is completely described by
the state. However, it is an experimental choice to study only one subsystem and to ignore the other. What can
we learn about the measured subsystem? Results of this kind of measurements look peculiar. The experiment
confirms that the two subsystems are both in mixed states with entropy greater than zero. One can only obtain
statistical knowledge of the subsystems in this kind of measurement.@S1050-2947~99!02610-4#

PACS number~s!: 03.65.Bz, 42.50.Dv
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One of the most surprising consequences of quantum
chanics is the entanglement of two or more distant partic
The first example of a two-particle entangled state was s
gested by Einstein, Podolsky, and Rosen~EPR! in their fa-
mousgedankenexperimentin 1935 @1#. The EPR state is a
pure state of two spatially separated particles which can
written as

uC&5(
a,b

d~a1b2c0!ua&ub&, ~1!

wherea andb are the momentum or the position of partic
1 and 2, respectively, andc0 is a constant. It is clear tha
state~1! is a two-particle state; however, it cannot be fa
tored into a product of the state of particle 1 and the state
particle 2. This type of states was defined by Schro¨dinger as
entangled states@2#.

One, perhaps the most easily accessible, example o
entangled state is the state of a photon pair emitted in sp
taneous parametric down-conversion~SPDC!. SPDC is a
nonlinear optical process from which a pair of signal-id
photons is generated when a pump laser beam is inciden
a nonlinear optical crystal. The signal-idler two-photon st
can be calculated by first order perturbation from the SP
nonlinear interaction Hamiltonian@3#,

uC&5(
s,i

d~vs1v i2vp!

3d~ks1k i2kp!as
†
„v~ks!…ai

†
„v~k i !…u0&, ~2!

wherev j , k j ( j 5s,i ,p) are the frequency and wave vecto
of the signal (s), idler (i ), and pump (p), respectively,vp
andkp can be considered as constants, usually a single-m
laser is used for pump, andas

† and ai
† are the respective

creation operators for the signal and idler photon. Thed
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functions of the state ensure energy and momentum con
vation. It is indeed the conservation laws that determine
values of an observable for the pair. Quantum mechanica
state~2! only provides precise momentum~energy! correla-
tion of the pair but no precise momentum~energy! determi-
nation for the signal photon and the idler photon. In EPR
language: the momentum~energy! of neither the signal nor
the idler is determined by the state; however, if one is kno
to be at a certain value the other one is determined w
certainty. Notice also that state~2! is a pure state. It provides
a complete description of the entangled two-photon syste

Following the creation of the pair, the signal and idl
may propagate to different directions and be separated
considerably large distance. If it is a free propagation,
state will remain unchanged except for the gain of a pha
so that the precise momentum~energy! correlation of the
pair still holds. The conservation laws guarantee the prec
value of an observable with respect to the pair~not to the
individual subsystems!. It is in this sense that we say that th
entangled two-photon state of SPDC isnonlocal. Quantum
theory does allow a complete description of the precisecor-
relation for the spatially separated subsystems, but no co
plete description for the physical reality of the subsyste
defined by EPR. It is in this sense that we say that quan
mechanical description of the entangled system isnonlocal.

So far, our discussion involves no measurement.
In a type of measurements when ‘‘joint detections’’ a

involved ~for example, a coincidence detection for the SPD
pair!, it is the intensity correlation,̂Cu Î 1Î 2uC&, or the fourth
order correlation of the fields,̂CuÊ1

(2)Ê2
(2)Ê2

(1)Ê1
(1)uC&,

which is measured. One may include spin~polarization, for
photon! correlations in the coincidence joint detection too,
in the measurements for the EPR-Bohm state@4#. If the cor-
relations of the pair have been built up in the entangled tw
particle state from the beginning, it comes as no surprise
the intensity correlation reflectsperfect correlation ~EPR,
EPR-Bohm, or EPR-Bell type correlation! of the pair: the
distance between the detectors would not matter. The
tangled state indeed indicates and represents a very diffe

y,
2685 ©1999 The American Physical Society
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physical reality: Does the signal photon or idler photon ha
a defined momentum~energy! in state~2!? No. Does the pair
have a definedtotal momentum~energy! in state~2!? Yes. In
state~2! the precise value of an observable is determined
the form oftotal valueby conservation laws. In addition, on
cannot ‘‘imagine’’ two individual wave packets, one asso
ated with the signal photon and the other associated with
idler photon. It is a nonfactorizable two-dimensional ‘‘wav
packet’’ associated with the entangled two-particle syst
@5#. For this reason we call the signal-idler pair the ‘‘bipho-
ton.’’ Many interesting phenomena involving biphotons ha
been demonstrated in two-photon interferometry and in tw
photon correlation type experiments@6#. Several recent ex
periments have clearly shown that the two-photon inter
ence is not the interference between two photons. It is not
signal and idler photon wave packets but the tw
dimensional biphoton wave packet that plays the role@7#.

However, an experimentalist can choose to look at o
part of the entangled system and to ignore the other.
subsystems may be separated spatially. For instance, on
use a photon counting detector to register a ‘‘click’’ event
the signal photon of the two-photon state of SPDC~not a
‘‘click-click’’ event. ! to study only the properties of the sig
nal and leave the idler undisturbed or to be predicted. W
can we predict for the idler photon in this kind of measu
ment? Before answering this question, it may be better to
first: ‘‘what can we learn about the signal photon in this ki
of measurement?’’

An interesting situation arises: while the two-photon st
of SPDC is a pure state, the respective states of the si
and idler photon are not. The states of the individual sig
and idler are both in thermal~mixed! states. This has bee
pointed out by several researchers, e.g.,@8–12#, from differ-
ent perspectives. The significance of the fact that two p
each in a mixed state constitute a quantum mechanical
tem in a pure state was emphasized by Yurke and Potase@9#
as an example of purely quantum thermalization, that is,
taining mixed states out of pure states in a Hamiltonian s
tem. Cerf and Adami@11# introduced themutual (SA:B
5SB:A) and conditional (SAuB , SBuA) entropy ~or informa-
tion! for a two-particle system similar to the mutual an
conditional entropies as defined in classical probabi
theory:

S5SAuB1SBuA1SA:B , SA5SAuB1SA:B ,

SB5SBuA1SA:B . ~3!

For an entangled two-particle system in a pure state~so that
S50), the relations in Eq.~3! give

SA1SBuA50, SB1SAuB50. ~4!

The paradox of the whole system entropySbeing zero while
an entropy of either of its partsSA or SB is positive~which is
a formal expression of the statement that the informat
contained in the whole system is less than the informa
contained in its parts! is suggested to be resolvable by allow
ing the conditional entropy to take on negative values.

In this paper we report experimental work along the lin
of this discussion. The reported experiment hinges on a t
cal Fourier spectroscopy measurement. The schematic s
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is shown in Fig. 1. The measurement is based on a ‘‘clic
type single-photon detection; however, the photon sourc
an entangled two-photon source of SPDC: a 3 mm BBO
(b-BaB2O4) crystal pumped by a 351.1 nm cw argon io
laser line. The orthogonally polarized signal-idler phot
pairs are generated satisfying the collinear degenerate~cen-
tered at wavelength 702.2 nm! type-II phase matching con
dition @13#. The idler~extraordinary ray of BBO! is removed
by a polarizing beam splitter~PBS!. The signal~ordinary ray
of BBO! is then sent to a Michelson interferometer. A ph
ton counting detector is coupled to the output port of t
interferometer through a 25 mm focal lens. A 702.2 nm sp
tral filter with Gaussian transmittance function@bandwidth
83 nm full width at half maximum~FWHM!# is placed in
front of the detector. The counting rate of the detector
recorded as a function of the optical arm length differen
DL of the Michelson interferometer.

The experimental data are reported in Fig. 2. The en
lope of the sinusoidal modulations~in segments! is fitted
very well by two ‘‘notch’’ functions~upper and lower part of
the envelope!. We find that this fit is better than a fit usin
Gaussian functions. The width of the triangular base is ab
225mm, which corresponds to roughly a spectral bandwid
of 2.2 nm.

To find an explanation of this result, we must first exa
ine the two-photon state of SPDC. The state of the sig
photon is obtained by taking a partial trace of the two-pho
state density operator, integrating over the spectrum of
idler, and vice versa:

r̂s5tri r̂, r̂ i5trsr̂, ~5!

with

r̂[uC&^Cu, ~6!

where r̂ is the density matrix operator anduC& is the two-
photon state~2!.

FIG. 1. Schematic of the experimental setup. A Michelson
terferometer is used to study the spectrum of the signal of SPDC
bandpass spectral filter centered at 702.2 nm with 83 nm FWHM
a Gaussian transmittance function is placed in front of the pho
counting detector.
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First, it is very interesting to find that even though t
two-photon EPR state of SPDC is a pure state, i.e.,r̂25 r̂,
the corresponding single-photon state of the signal and i
are not, i.e.,r̂s,i

2 Þr̂s,i . This agrees with the earlier men
tioned fact that the entropy of the system is zero~pure state!
while each subsystem has an entropy greater than
~mixed state!. The zero entropy condition for a system in
pure state reflects the fact that the quantum stateuC& pro-
vides a completedescription of the system. On the oth
hand, the mixed state of each subsystem only reveals
statistical nature.

In the experiment, we realize a collinear degener
type-II phase matching@13#. This means that the SPDC cry
tal orientation is such that the orthogonally polarized sign
idler pair with degenerate frequencyv5vp/2 is emitted col-
linear. We select this direction by a set of pinholes during
experimental alignment process. Then the integral in Eq.~2!
can be simplified to an integral over a frequency detun
parametern ~the detailed calculation can be found in Re
@5#!:

uC&5A0E dnF~DLn!as
†~v1n!ai

†~v2n!u0&, ~7!

where the sinc-like functionF(LDn) follows from Eq. ~2!
considering a finite length of the SPDC crystal@3#. It repre-
sents a frequency spectrum of the two-photon state,

F~DLn!5
12e2 iDLn

iDLn
, ~8!

which is determined by the finite crystal lengthL and, spe-
cifically for the collinear degenerate type-II SPDC, by t
difference of inverse group velocities for the signal~ordinary
ray! and the idler~extraordinary ray!: D[1/uo21/ue .

The constantA0 is found from the normalization condi
tion trr5^CuC&51:

FIG. 2. Experimental data indicated a ‘‘double notch’’ envelo
of the interference pattern. TheX axis,DL in mm, is the optical arm
difference of the Michelson interferometer. Each of the dot
single vertical segments contains many cycles of sinusoidal mo
lations. The spike atDL50, usually called ‘‘white light condition’’
for observing ‘‘white light’’ interference, is a broadband interfe
ence pattern which is determined by the spectral filter.
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SubstitutinguC& in the form of Eq.~7! into Eq. ~5!, the
density matrix of the signal is calculated to be

r̂s5A0
2E dnuF~n!u2as

†~v1n!u0&^0uas~v1n!, ~9!

where

uF~n!u25sinc2
DLn

2
. ~10!

In Eq. ~9! we consider a multimode~a continuous fre-
quency spectrum! entangled system with a single quantum
n51. The operator~9! describes the statistical distribution o
this quantum. This is a good approximation since the c
pling in SPDC is weak and greater number statesn.1 that
correspond to higher perturbation orders are extremely
likely. On the other hand,n50 represents vacuum fields th
do not result in detections@14#.

Now we can understand very well the experimental
sults. ~i! For a spectrum of sinc2 function we do expect a
double ‘‘notch’’ envelope in the measurement and the b
of the triangle, which is determined byDL, is calculated to
be 225mm ~we have considered the optical path difference
twice the arm difference in the Michelson interferomete!,
corresponding to a 2.2 nm bandwidth. The experimental
sult, from fitting, is about 225 nm, which agrees well wi
the prediction@15#. ~ii ! We see that the spectrum of thesig-
nal photon is dependent on the group velocity of theidler
photon, which is not measured at all in our experime
However, this comes as no surprise, because the state o
signal photon is calculated from the two-photon state by
tegrating over the idler modes.~iii ! We also see immediately
that r̂s

2Þr̂s , so the signal and idler single-photon states
both mixed states. It is then straightforward to evaluate
merically the von Neuman entropyS @17# of the signal~or
idler! subsystem,

Ss52tr@ r̂sln r̂s#, ~11!

based on the ‘‘double notch’’ fitting function. Note that op
erator~9! is diagonal. Taking its trace is simply performin
an integration over the frequency spectrum with the spec
density of Eq.~10!. To compute the integral of Eq.~11! for
the density matrixr̂s of Eq. ~5!, we replace variablen by a
dimensionless variableDLn/2 and evaluate the integral nu
merically. The calculation yields

Ss'6.4.0.

This again indicates the statistical mixed nature of the s
of a photon~subsystem! in an entangled two-photon system

Based on the experimental data, we conclude that the
tropy of signal and idler are both greater than zero~mixed
state!, while the entropy of the signal-idler two-photon sy
tem is zero~pure state!. This may mean that negative entrop
is present somewhere in the system, perhaps in the form
the conditional entropy@11#. By the definition of the condi-
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tional entropy, one is tempted to say thatgiven the result of
a measurement over one particle, the result of measurem
over the other must yield negative information.This para-
doxical statement is similar to and in fact closely related
the EPR ‘‘paradox.’’ We suggest that the paradox com
from the same philosophy.

In the kind of measurements when the experiment o
involves a subsystem of an entangled multiparticle sys
and leaves the remaining parts undisturbed, one can
in
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obtain statistical knowledge of the subsystems. Neither
measured subsystem nor the remaining parts is in a p
state. The individual subsystems are described statistic
by the quantum theory before the measurement and afte
measurement.
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